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Fig. 1. Rooflines of SPLAT generated R-SDDMM and R-SpMM kernels at different moderate density levels
for all the patterns. The top and bottom rows are the R-SDDMM and R-SpMM results respectively. For the
windowed R-SpMM, the points corresponding to 0.12 and 0.25 density levels are overlapped.

Roofline analysis. We profile SPLAT generated R-SDDMM and R-SpMM kernels at moderate
density levels: 12%, 25% and 50% for different patterns in figure 1 to identify how close to the
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theoretical peak throughput SPLAT generated kernels are. For the R-SDDMM kernel, we see
an average of: 39% (blocked), 34% (windowed), 23% (strided), and 40% (global) of the theoretical
peak across the density values. For the R-SpMM kernel, we see an average of: 30% (blocked), 31%
(windowed), 25% (strided), and 26% (global) of the theoretical peak across the density values.

B Geometrical Definitions of Each Pattern
We define the geometry of the blocked, windowed, strided and global pattern. We do this by defining
a function, 𝑓 , on the point-set, 𝑃 , of a regularly-sparse mask. Since 𝑃 is regularly-sparse, every row
in 𝑃 is affine-compressible. The function 𝑓 accordingly maps a row, 𝑥 , in 𝑃 to a 3-tuple consisting
of the affine-indices - a, b - and number of non-zero values - nnz - that compress all the points that
lie on 𝑥 .

Definition 6. Consider a regularly-sparse point-set, 𝑃 . Let 𝑋 = {𝑦𝑖 | (𝑥𝑖 , 𝑦𝑖 ) ∈ 𝑃} with 𝑋 (𝑖) =

{𝑦 𝑗 | (𝑥 𝑗 , 𝑦 𝑗 ) ∈ 𝑃 ∧ 𝑦 𝑗 = 𝑖}. We define 𝑓 : 𝑋 → N0 × N0 × N with the property that:

∀(𝑥 𝑗 , 𝑦 𝑗 ) ∧ (𝑥 𝑗+1, 𝑦 𝑗 ) ∈ 𝑃 such that, 𝑦 𝑗 ∈ 𝑋 (𝑖),
𝑥 𝑗 − 𝑓 (𝑖).𝑏

𝑓 (𝑖).𝑎 + 1 =
𝑥 𝑗+1 − 𝑓 (𝑖).𝑏

𝑓 (𝑖).𝑎 ∧ |𝑋 (𝑖) | = 𝑓 (𝑖) .𝑛𝑛𝑧

Where (𝑓 (𝑖).𝑎, 𝑓 (𝑖).𝑏, 𝑓 (𝑖) .𝑛𝑛𝑧) ∈ N0 × N0 × N denotes the 3-tuple in the range of 𝑓 .

We can then define each pattern by constructing its relevant 𝑓 function. For each of the definitions,
𝑁 is the number of rows in the corresponding pattern (|𝑋 | in definition 6).

Definition 7. Define the blocked pattern, with block-width𝑤 as:

∀𝑖 ∈ [0,𝑤], 𝑓 (𝑖) = (1, 0,𝑤)
∀𝑖 ∈ [𝑤 + 1, 𝑁 − 1], 𝑓 (𝑖) = (1, (𝑓 𝑙𝑜𝑜𝑟 (𝑖/𝑤) − 1)𝑤, 2𝑤)

Definition 8. Define the window pattern, with window-width𝑤 as:

∀𝑖 ∈ [0,𝑤 + 1], 𝑓 (𝑖) = (1, 0,𝑤 + 1 + 𝑖)
∀𝑖 ∈ [𝑤 + 2, 𝑁 −𝑤 − 2], 𝑓 (𝑖) = (1, 𝑖 +𝑤, 2𝑤 + 1)
∀𝑖 ∈ [𝑁 −𝑤 − 1, 𝑁 − 1], 𝑓 (𝑖) = (1, 𝑖 +𝑤,𝑤 + 𝑁 − 𝑖)

Definition 9. Define the strided pattern, with stride 𝑠 as:

∀𝑖 ∈ [0, 𝑁 − 1] such that, 𝑖 (mod 𝑠) = 𝑗, 𝑓 (𝑖) = (𝑠, 𝑗, ⌈(𝑁 − 𝑗)/𝑠⌉)

Definition 10. Define the global pattern, with number of global tokens 𝑔 as:

∀𝑖 ∈ [0, 𝑔], 𝑓 (𝑖) = (1, 0, 𝑁 )
∀𝑖 ∈ [𝑔 + 1, 𝑁 − 1], 𝑓 (𝑖) = (1, 0, 𝑔)

C Stretching in Polygonal Patterns
Theorem 2. If we assume that the anchor of the thread block 𝑇𝐵𝑖 is present in a polygonal mask,

i.e. 𝐴𝑛𝑐 (𝑇𝐵𝑖 ) ∈ 𝑃 , then |𝐶𝑜𝑣 (𝑇𝐵𝑖 ) | would be maximum when its stretch factor 𝑆𝑡𝑟 (𝑇𝐵𝑖 ) = 1.

Proof. The argument is pretty simple here.
If |𝐶𝑜𝑣 (𝑇𝐵𝑖 ) | = 𝑚𝑛 for |𝑆𝑡𝑟 (𝑇𝐵𝑖 ) | = 1, then it is already at its maximum since |𝐶𝑜𝑣 (𝑇𝐵𝑖 ) | ≤

|𝐶𝑜𝑚𝑝 (𝑇𝐵𝑖 ) | =𝑚𝑛.
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If |𝐶𝑜𝑣 (𝑇𝐵𝑖 ) | < 𝑚𝑛 for |𝑆𝑡𝑟 (𝑇𝐵𝑖 ) | = 1, then one of the right edge or the bottom edge is crossing
the polygonal mask boundary. WLOG, let us assume that the right edge is outside the polygonal
mask. If we were to increase the stretch of the thread block, we would only find more points not
belonging to the mask. Thus, the |𝐶𝑜𝑣 (𝑇𝐵𝑖 ) | will never increase beyond |𝑆𝑡𝑟 (𝑇𝐵𝑖 ) | = 1. □

D Stretching in Strided Patterns
Theorem 3. If we assume that the anchor of the thread block 𝑇𝐵𝑖 is present in a strided mask, i.e.

𝐴𝑛𝑐 (𝑇𝐵𝑖 ) ∈ 𝑃 and that the stride 𝑋 is divisible by its stretch factor 𝑠 = 𝑆𝑡𝑟 (𝑇𝐵𝑖 ), i.e. 𝑋 = 𝜅𝑠 , we can
precisely calculate:

|𝐶𝑜𝑣 (𝑇𝐵𝑖 ) | =
⌈
𝑚 − 𝑛 + 1

𝜅

⌉
× 𝑛 +

⌈𝑚−1
𝜅

⌉∑︁
𝑘=⌈𝑚−𝑛+1

𝜅
⌉

(𝑚 − 𝑘𝜅) +
⌈ 𝑛−1

𝜅
⌉∑︁

𝑘=1
(𝑛 − 𝑘𝜅)

Proof. Let’s assume that point 𝑝 is present in both 𝐶𝑜𝑚𝑝 (𝑇𝐵𝑖 ) and 𝑃 . Let (𝑥,𝑦) = 𝐴𝑛𝑐 (𝑇𝐵𝑖 ).
Since (𝑥,𝑦) ∈ 𝑃 , (𝑥,𝑦) = (𝛼0𝜅𝑠 + 𝑡0, 𝛽0𝜅𝑠 + 𝑡0) for some 𝛼0, 𝛽0 ∈ N0, 𝑡0 ∈ Z𝜅𝑠
Since 𝑝 ∈ 𝐶𝑜𝑚𝑝 (𝑇𝐵𝑖 ), 𝑝 = (𝑥 + 𝑖𝑠, 𝑦 + 𝑗𝑠) for some 𝑖 ∈ Z𝑛, 𝑗 ∈ Z𝑚
Since 𝑝 ∈ 𝑃 , 𝑝 = (𝛼1𝜅𝑠 + 𝑡1, 𝛽1𝜅𝑠 + 𝑡1) for some 𝛼1, 𝛽1 ∈ N0, 𝑡1 ∈ Z𝜅𝑠
Therefore, 𝑥 + 𝑖𝑠 = 𝛼1𝜅𝑠 + 𝑡1 and 𝑦 + 𝑗𝑠 = 𝛽1𝜅𝑠 + 𝑡1.
=⇒ 𝑥 + 𝑖𝑠 − 𝛼1𝜅𝑠 = 𝑦 + 𝑗𝑠 − 𝛽1𝜅𝑠

=⇒ 𝛼0𝜅𝑠 + 𝑡0 + 𝑖𝑠 − 𝛼1𝜅𝑠 = 𝛽0𝜅𝑠 + 𝑡0 + 𝑗𝑠 − 𝛽1𝜅𝑠

=⇒ 𝛼0𝜅𝑠 + 𝑖𝑠 − 𝛼1𝜅𝑠 = 𝛽0𝜅𝑠 + 𝑗𝑠 − 𝛽1𝜅𝑠

=⇒ 𝛼0𝜅 + 𝑖 − 𝛼1𝜅 = 𝛽0𝜅 + 𝑗 − 𝛽1𝜅 [Since 𝑠 ≠ 0]
=⇒ 𝜅 (𝛼0 − 𝛼1 − 𝛽0 + 𝛽1) = 𝑗 − 𝑖

=⇒ 𝜅 divides ( 𝑗 − 𝑖) [Since 𝛼0, 𝛼1, 𝛽0, 𝛽1 ∈ N0]

We know that |𝐶𝑜𝑚𝑝 (𝑇𝐵𝑖 ) | =𝑚𝑛

|𝐶𝑜𝑣 (𝑇𝐵𝑖 ) | is the number of points present in both𝐶𝑜𝑚𝑝 (𝑇𝐵𝑖 ) and 𝑃 which is equivalent to number
of solutions of (𝑖, 𝑗) ∈ Z𝑛 × Z𝑚 satisfying 𝜅 divides ( 𝑗 − 𝑖).
As shown in Fig 2, we can partition the thread block into three sections.

Green section contains threads with ( 𝑗 − 𝑖) ∈ {−𝑛, . . . ,−1}.
Pink section contains threads with ( 𝑗 − 𝑖) ∈ {0, . . . ,𝑚 − 𝑛}.
Blue section contains threads with ( 𝑗 − 𝑖) ∈ {𝑚 − 𝑛 + 1, . . . ,𝑚}.

Number of solutions in green section =

⌈ 𝑛−1
𝜅

⌉∑︁
𝑘=1

(𝑛 − 𝑘𝜅)

Number of solutions in pink section =

⌈
𝑚 − 𝑛 + 1

𝜅

⌉
× 𝑛

Number of solutions in blue section =

⌈𝑚−1
𝜅

⌉∑︁
𝑘=⌈𝑚−𝑛+1

𝜅
⌉

(𝑚 − 𝑘𝜅)

Therefore,

|𝐶𝑜𝑣 (𝑇𝐵𝑖 ) | =
⌈
𝑚 − 𝑛 + 1

𝜅

⌉
× 𝑛 +

⌈𝑚−1
𝜅

⌉∑︁
𝑘=⌈𝑚−𝑛+1

𝜅
⌉

(𝑚 − 𝑘𝜅) +
⌈ 𝑛−1

𝜅
⌉∑︁

𝑘=1
(𝑛 − 𝑘𝜅)

□
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Fig. 2. Partitioning the Thread Block based on 𝑗 − 𝑖 value

Theorem 4. Stronger form: If we assume that the anchor of the thread block 𝑇𝐵𝑖 is present in
a strided mask, i.e. 𝐴𝑛𝑐 (𝑇𝐵𝑖 ) ∈ 𝑃 with stretch factor 𝑠 = 𝑆𝑡𝑟 (𝑇𝐵𝑖 ), we can precisely calculate:
|𝐶𝑜𝑣 (𝑇𝐵𝑖 ) | = 𝑓 (𝜅) where

𝑓 (𝜅) =
⌈
𝑚 − 𝑛 + 1

𝜅

⌉
× 𝑛 +

⌈𝑚−1
𝜅

⌉∑︁
𝑘=⌈𝑚−𝑛+1

𝜅
⌉

(𝑚 − 𝑘𝜅) +
⌈ 𝑛−1

𝜅
⌉∑︁

𝑘=1
(𝑛 − 𝑘𝜅) and 𝜅 =

𝑋

𝑔𝑐𝑑 (𝑠, 𝑋 )

Proof. Similar to previous proof, we can conclude (𝛼0 − 𝛼1 − 𝛽0 + 𝛽1)𝑑 = ( 𝑗 − 𝑖)𝑠 .
=⇒ ( 𝑗−𝑖 )𝑠

𝑑
∈ Z.

Let 𝜏 = 𝑔𝑐𝑑 (𝑠, 𝑋 ), i.e. 𝑋 = 𝜅𝜏 , 𝑠 = 𝜂𝜏 , 𝑔𝑐𝑑 (𝜅, 𝜂) = 1.
=⇒ ( 𝑗−𝑖 )𝜂

𝜅
∈ Z.

=⇒ 𝜅 divides ( 𝑗 − 𝑖)
The rest of the proof remains the same. □

Theorem 5. Suppose we have a strided pattern with stride 𝑋 . 𝜆𝑠 is the number of thread-blocks
generated by poset tiling with stretch factor 𝑠 . Then we have that 𝜆𝑠 decreases as gcd(𝑠, 𝑋 ) increases.

Proof. By definition of strided pattern and poset tiling algorithm, we have no overlapping
thread blocks. Thus, we can effectively compute 𝜆𝑠 = |𝑃 |

𝑓 (𝜅 ) . All terms in 𝑓 (𝜅) are monotonically
decreasing with 𝜅. 𝜆𝑠 monotonically increases with 𝜅 = 𝑋

𝑔𝑐𝑑 (𝑠,𝑋 ) . Thus, 𝜆
𝑠 decreases as 𝑔𝑐𝑑 (𝑠, 𝑋 )

increases. □

For strided pattern,𝐶𝑜𝑠𝑡 (𝑇𝐵𝑝𝑜𝑠𝑒𝑡 ) = 𝜆𝑠𝑠 . Since, 𝜆𝑠 decreases as𝑔𝑐𝑑 (𝑠, 𝑋 ) increases.𝐶𝑜𝑠𝑡 (𝑇𝐵𝑝𝑜𝑠𝑒𝑡 )
will achieve maximum value for some 𝑠 ∈ 𝑓 𝑎𝑐𝑡𝑜𝑟𝑠 (𝑋 ), thereby, reducing the search space of stretch
factor.

E Proof of Theorem 1
In Theorem 1, we make claims on the optimality bounds of the Poset Tiling Algorithm. We begin
by rigorizing the geometrical definitions for each of the windowed, blocked, strided and global
patterns in B. Following which, we prove the bound for the windowed and blocked patterns in E.1,
and the strided pattern in E.2.
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E.1 Structured Polygonal Patterns
Theorem 6. Suppose we have a strided pattern with stride 𝑋 . 𝜆𝑠 is the number of thread-blocks

generated by poset-tiling with stretch factor 𝑠 . Then we have that 𝜆𝑠 only decreases when gcd(𝑠, 𝑋 )
increases.

We prove this by computing 𝜆𝑠 as a monotonically decreasing function of 𝑔𝑐𝑑 (𝑠, 𝑋 ).

Definition 11. Amask 𝑃 is considered a structured dense polygon if a significantly large horizontal
subsection of the mask consisting of 𝑟ℎ rows (𝑁 − 𝑟ℎ ≪ 𝑁 ) can be partitioned as 𝑟 repeating slabs of
shape ℎ × 𝑙 recursively shifted by 𝑙 ′ columns.

𝑃 =

{(⌊
𝑦

ℎ

⌋
𝑙 ′ + 𝑡, 𝑦

) ���� 𝑡 ∈ Z𝑙 , 𝑦 ∈ Z𝑟ℎ

}
While the mathematical definition looks restrictive, several transformers have sampling masks

that can be parameterized by this definition. For example, the block pattern had ℎ = 𝑙 ′ = 𝑤, 𝑙 = 2𝑤 ,
the window pattern had ℎ = 𝑙 ′ = 1, 𝑙 = 2𝑤 + 1 and the global pattern had ℎ = 1, 𝑙 ′ = 0, 𝑙 = 𝑔.

Definition 12. Let us consider a Naive Tiling algorithm that partitions the mask 𝑃 into patches
where a patch is a region of𝑚 consecutive rows. It then tiles these patches from left to right.
We define 𝑤 (𝑘 ) as the width of the 𝑘𝑡ℎ patch. If a patch overlaps with 𝑡 (≥ 1) slabs, its width is
𝑙 + (𝑡 − 1)𝑙 ′.

Theorem 7. Given a structured dense polygon mask 𝑃 with parameters (𝑟, 𝑙, ℎ, 𝑙 ′) such that
𝑔𝑐𝑑 (𝑚,ℎ) = 𝜅 (i.e., 𝑚 = 𝜏𝑚𝜅, ℎ = 𝜏ℎ𝜅) and 𝜏𝑚 = 𝛼𝜏ℎ + 𝛽 , 𝛽 ∈ Z𝜏ℎ , the Naive Tiling Algorithm
will generate a TB of size 𝜆𝑛𝑎𝑖𝑣𝑒 .

𝜆𝑛𝑎𝑖𝑣𝑒 =


(

𝑟
𝜏𝑚

) (
𝜏ℎ

⌈
𝑙+(𝛼−1)𝑙 ′

𝑛

⌉)
𝛽 = 0 (i.e., ℎ |𝑚)(

𝑟
𝜏𝑚

) (
(𝛽 − 1)

⌈
𝑙+(𝛼+1)𝑙 ′

𝑛

⌉
+ (𝜏ℎ − 𝛽 + 1)

⌈
𝑙+𝛼𝑙 ′
𝑛

⌉)
𝛽 ≠ 0

Proof. 𝑃 (𝑟ℎ rows) can be partitioned into 𝑟
𝜏𝑚

horizontal cross-sections of 𝑃 with 𝑙𝑐𝑚(𝑚,ℎ) =
𝜏𝑚𝜏ℎ𝜅 rows.
Each horizontal cross-section will be covered by 𝜏ℎ patches (𝑚 rows) and 𝜏𝑚 slabs (ℎ rows).
Therefore, 𝜆𝑛𝑎𝑖𝑣𝑒 = ( 𝑟

𝜏𝑚
) (∑𝜏ℎ

𝑖=1⌈
𝑤 (𝑖 )

𝑛
⌉).

If 𝛽 = 0, i.e. ℎ |𝑚, we have 𝜅 = ℎ, 𝜏𝑚 = 𝛼 , 𝜏ℎ = 1. The cross-section is covered by 1 patch
overlapping with 𝜏𝑚 slabs with width (𝑙 + (𝜏𝑚 − 1)ℎ) [= (𝑙 + (𝛼 − 1)𝑙 ′)]. This proves the first case
of the equation.

If 𝛽 ≠ 0 and 𝛼 = 0 (i.e.,𝑚 < ℎ), we have 𝜏𝑚 = 𝛽 . Every patch will overlap with either 1 slab or 2
slabs. Since there are 𝜏𝑚 slabs, exactly (𝜏𝑚 − 1) [= (𝛽 − 1)] patches will overlap with 2 slabs and
will have width (𝑙 + 𝑙 ′) [= (𝑙 + (𝛼 + 1)𝑙 ′)]. Rest of the (𝜏ℎ − 𝜏𝑚 + 1) [= (𝜏ℎ − 𝛽 + 1)] patches will
overlap with 1 slab and will have width 𝑙 [= (𝑙 + 𝛼𝑙 ′)]. This proves the second case of the equation
for 𝛼 = 0.

If 𝛽 ≠ 0 and 𝛼 ≠ 0 (i.e.,𝑚 > ℎ), every patch will overlap with either (𝛼 + 1) slabs or (𝛼 + 2) slabs.
Since there are 𝜏ℎ patches, exactly (𝜏ℎ − 1) slabs will overlap with 2 patches.
Say 𝑥 patches overlap with (𝛼 + 2) slabs. We get (𝑥) (𝛼 + 2) + (𝜏ℎ −𝑥) (𝛼 + 1) = 𝜏𝑚 + (𝜏ℎ − 1). Solving
for 𝑥 gives us 𝑥 = (𝜏𝑚 − 𝛼𝜏ℎ) − 1 = 𝛽 − 1.
There are (𝛽 − 1) patches that will overlap with (𝛼 + 2) slabs and will have width (𝑙 + (𝛼 + 1)𝑙 ′).
Rest of the (𝜏ℎ − 𝛽 + 1) patches will overlap with (𝛼 + 1) slab and will have width (𝑙 + 𝛼𝑙 ′). This
proves the second case of the equation for 𝛼 ≠ 0. □
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Theorem 8. For a given structured dense polygon mask 𝑃 with parameters (𝑟, 𝑙, ℎ, 𝑙 ′), Algorithm A
and Tiling Algorithm generate 𝑇𝐵𝐴 and 𝑇𝐵𝑛𝑎𝑖𝑣𝑒 . We define 𝜆 (𝑘 ) and 𝜆 (𝑘 )

𝑛𝑎𝑖𝑣𝑒
as the number of thread

blocks with anchored in first 𝑘 patches (km rows) for 𝑇𝐵𝐴 and 𝑇𝐵𝑛𝑎𝑖𝑣𝑒 . 𝛿 (𝑘 ) thread blocks in 𝑇𝐵𝐴 are
anchored in the first 𝑘 patches and aren’t contained within the first 𝑘 patches, in other words, thread
blocks which overflow.
For any 𝑘 ≥ 1, 𝜆 (𝑘 ) − 𝛿 (𝑘 ) ≥ 𝜆

(𝑘 )
𝑛𝑎𝑖𝑣𝑒

−∑𝑘
𝑖=1⌈𝑤

(𝑖 )−𝑙
𝑛

⌉.

Proof. We will prove the theorem by induction.
We know that 𝜆 (𝑘 )

𝑛𝑎𝑖𝑣𝑒
=
∑𝑘

𝑖=1⌈𝑤
(𝑘 )

𝑛
⌉.

Base Case: We need to show that 𝜆 (1) − 𝛿 (1) ≥ 𝜆
(1)
𝑛𝑎𝑖𝑣𝑒

− ⌈𝑤 (1)−𝑙
𝑛

⌉.
The minimum value of 𝜆 (1) − 𝛿 (1) is ⌈ 𝑙

𝑛
⌉ since the first row of the first patch needs to be covered

by 𝑇𝐵𝐴.

𝜆 (1) − 𝛿 (1) ≥
⌈
𝑙

𝑛

⌉
≥
⌈
𝑤 (1)

𝑛

⌉
−
⌈
𝑤 (1) − 𝑙

𝑛

⌉
(Since, ⌈𝑥⌉ + ⌈𝑦⌉ ≥ ⌈𝑥 + 𝑦⌉)

= 𝜆
(1)
𝑛𝑎𝑖𝑣𝑒

−
⌈
𝑤 (1) − 𝑙

𝑛

⌉
Hypothesis: Assuming 𝑘 ≥ 1, such that 𝜆 (𝑘 ) − 𝛿 (𝑘 ) ≥ 𝜆

(𝑘 )
𝑛𝑎𝑖𝑣𝑒

−∑𝑘
𝑖=1⌈𝑤

(𝑖 )−𝑙
𝑛

⌉.
Inductive Step: We need to show that 𝜆 (𝑘+1) − 𝛿 (𝑘+1) ≥ 𝜆

(𝑘+1)
𝑛𝑎𝑖𝑣𝑒

−∑𝑘+1
𝑖=1 ⌈𝑤

(𝑖 )−𝑙
𝑛

⌉.
The minimum value of 𝜆 (𝑘+1) − 𝛿 (𝑘+1) is 𝜆 (𝑘 ) + ⌈ 𝑙−𝛿 (𝑘 )𝑛

𝑛
⌉ since the first row of the (𝑘 + 1)𝑡ℎ patch

needs to be covered by 𝑇𝐵𝐴. The only thread blocks that can cover this row are ones with the
anchor in the first row of (𝑘 + 1)𝑡ℎ patch and the ones with the anchor in the 𝑘𝑡ℎ patch but overflow.

𝜆 (𝑘+1) − 𝛿 (𝑘+1) ≥ 𝜆 (𝑘 ) +
⌈
𝑙 − 𝛿 (𝑘 )𝑛

𝑛

⌉
= 𝜆 (𝑘 ) − 𝛿 (𝑘 ) +

⌈
𝑙

𝑛

⌉
≥ 𝜆𝑘𝑛𝑎𝑖𝑣𝑒 −

𝑘∑︁
𝑖=1

⌈
𝑤 (𝑖 ) − 𝑙

𝑛

⌉
+
⌈
𝑙

𝑛

⌉
(Using the Hypothesis)

≥ 𝜆𝑘𝑛𝑎𝑖𝑣𝑒 −
𝑘∑︁
𝑖=1

⌈𝑤
(𝑖 ) − 𝑙

𝑛
⌉ +

⌈
𝑤 (𝑘+1)

𝑛

⌉
−
⌈
𝑤 (𝑘+1) − 𝑙

𝑛

⌉
(Since, ⌈𝑥⌉ + ⌈𝑦⌉ ≥ ⌈𝑥 + 𝑦⌉)

= 𝜆
(𝑘 )
𝑛𝑎𝑖𝑣𝑒

+
⌈
𝑤 (𝑘+1)

𝑛

⌉
−

𝑘+1∑︁
𝑖=1

⌈
𝑤 (𝑖 ) − 𝑙

𝑛

⌉
= 𝜆

(𝑘+1)
𝑛𝑎𝑖𝑣𝑒

−
𝑘+1∑︁
𝑖=1

⌈
𝑤 (𝑖 ) − 𝑙

𝑛

⌉
□
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Theorem 9. For a given structured dense polygon mask 𝑃 with parameters (𝑟, 𝑙, ℎ, 𝑙 ′) such that
𝑙 ′ ≈ ℎ, 𝑙 ≫𝑚, say the minimum number of thread blocks required to cover is 𝜆𝑜𝑝𝑡 .

Δ𝜆

𝜆𝑜𝑝𝑡
=
𝜆𝑛𝑎𝑖𝑣𝑒 − 𝜆𝑜𝑝𝑡

𝜆𝑜𝑝𝑡
≤ 𝑚

𝑙

Proof. We know that 𝜆𝑜𝑝𝑡 ≥ 𝑁𝑙
𝑚𝑛

.
From the previous theorem, we get that

∑(𝑁 /𝑚)
𝑖=1 ⌈𝑤 (𝑖 )−𝑙

𝑛
⌉ ≥ 𝜆𝑛𝑎𝑖𝑣𝑒 − 𝜆𝑜𝑝𝑡 .

When ℎ < 𝑚, we have
∑(𝑁 /𝑚)

𝑖=1 ⌈𝑤 (𝑖 )−𝑙
𝑛

⌉ ≤ 𝑁
𝑚

(𝛼+1)𝑙 ′
𝑛

.
Therefore, 𝜆𝑛𝑎𝑖𝑣𝑒−𝜆𝑜𝑝𝑡

𝜆𝑜𝑝𝑡
≤ (𝛼+1)𝑙 ′

𝑙
≈ 𝑚

𝑙

When ℎ > 𝑚, we have (𝜏𝑚 − 1) patches that overlap 2 slabs for every 𝜏ℎ patches. In other words,
for every 𝜏ℎ patches, there are (𝜏𝑚 − 1) patches such that 𝑤 (𝑖 ) − 𝑙 is 𝑙 ′ while the rest of patches
have𝑤 (𝑖 ) − 𝑙 as 0.
Therefore,

∑(𝑁 /𝑚)
𝑖=1 ⌈𝑤 (𝑖 )−𝑙

𝑛
⌉ = 𝑁

𝑚

(𝜏𝑚−1)𝑙 ′
𝜏ℎ𝑛

≤ 𝑁
𝑚

𝜏𝑚𝑙 ′

𝜏ℎ𝑛
= 𝑁𝑙 ′

ℎ𝑛
.

Therefore, 𝜆𝑛𝑎𝑖𝑣𝑒−𝜆𝑜𝑝𝑡
𝜆𝑜𝑝𝑡

≤ 𝑙 ′𝑚
ℎ𝑙

≤ 𝑚
𝑙

□

Finally, we get 𝜆𝑛𝑎𝑖𝑣𝑒
𝜆𝑜𝑝𝑡

≤ 1 + 𝑚
𝑙
. We note that the Naive Tiling Algorithm is essentially the Poset

Tiling Algorithm applied to each patch. Thus, we can argue that 𝜆𝑝𝑜𝑠𝑒𝑡 ≤ 𝜆𝑛𝑎𝑖𝑣𝑒 .
This gives us 𝜆𝑝𝑜𝑠𝑒𝑡

𝜆𝑜𝑝𝑡
≤ 1+ 𝑚

𝑙
. As explained in §C, the optimal stretch factor for polygonal patterns

is 1, so we get 𝜙𝐶𝑀𝑅 = 1.
Thus, we prove that 𝐶𝑜𝑠𝑡 (𝑇𝐵𝑝𝑜𝑠𝑒𝑡 )

𝐶𝑜𝑠𝑡 (𝑇𝐵𝑜𝑝𝑡 ) ≤ 1 + 𝑚
𝑙
.

E.2 Strided Patterns
By definition of strided pattern and poset tiling algorithm, we have no redundant compute (𝜙𝑅)
and minimum thread-divergence (𝜙𝑇𝐷 ). Thus, for a given stretch 𝑠 , 𝜆𝑜𝑝𝑡 = 𝜆𝑝𝑜𝑠𝑒𝑡 . The stretch factor
selection algorithm searches the space of the stretch factors and selects the stretch factor that
minimizes our cost model. Thus, trivially, 𝐶𝑜𝑠𝑡 (𝑇𝐵𝑜𝑝𝑡 ) = 𝐶𝑜𝑠𝑡 (𝑇𝐵𝑝𝑜𝑠𝑒𝑡 ).

Finally, theorem 1 directly follows from the results of Sections E.1 & E.2.

Theorem 1. Given point-set 𝑃 and an arrangement of thread-blocks𝑇𝐵𝑝𝑜𝑠𝑒𝑡 = {𝑇𝐵1,𝑇𝐵2, ...,𝑇𝐵𝜆𝑝𝑜𝑠𝑒𝑡 },
each of size𝑚 × 𝑛, generated by algorithm 1 to cover 𝑃 . Let 𝑇𝐵𝑜𝑝𝑡 = {𝑇𝐵1,𝑇𝐵2, ...,𝑇𝐵𝜆𝑜𝑝𝑡 } be the
arrangement of lowest possible cost to cover 𝑃 . For the definitions of the windowed, blocked & strided
patterns in B, we have for the windowed and blocked pattern that:

𝐶𝑜𝑠𝑡 (𝑇𝐵𝑝𝑜𝑠𝑒𝑡 )
𝐶𝑜𝑠𝑡 (𝑇𝐵𝑜𝑝𝑡 )

≤ 1 + 𝑚

𝑙
(1)

Where 𝑙 is the maximum number of points in a row of the mask. Moreover, for the strided pattern,
the cost of the arrangement is optimal.
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