SPLAT: A Framework for Optimised GPU Code-Generation
for SParse regulLar ATtention
Supplementary Material

AHAN GUPTA, University of Illinois at Urbana-Champaign, USA
YUEMING YUAN, University of Illinois at Urbana-Champaign, USA
DEVANSH JAIN, University of Illinois at Urbana-Champaign, USA
YUHAO GE, University of Illinois at Urbana-Champaign, USA

DAVID APONTE, Microsoft, USA

YANQI ZHOU, Google DeepMind, USA

CHARITH MENDIS, University of Illinois at Urbana-Champaign, USA

This document contains the supplementary material for SPLAT: A Framework for Optimised GPU Code-
Generation for SParse reguLar ATtention. It contains extended ablations as well as proofs supporting the
theorems in the main text.

A Extended Ablations
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Fig. 1. Rooflines of SPLAT generated R-SDDMM and R-SpMM kernels at different moderate density levels
for all the patterns. The top and bottom rows are the R-SDDMM and R-SpMM results respectively. For the
windowed R-SpMM, the points corresponding to 0.12 and 0.25 density levels are overlapped.

Roofline analysis. We profile SPLAT generated R-SDDMM and R-SpMM kernels at moderate
density levels: 12%, 25% and 50% for different patterns in figure 1 to identify how close to the
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theoretical peak throughput SPLAT generated kernels are. For the R-SDDMM kernel, we see
an average of: 39% (blocked), 34% (windowed), 23% (strided), and 40% (global) of the theoretical
peak across the density values. For the R-SpMM kernel, we see an average of: 30% (blocked), 31%
(windowed), 25% (strided), and 26% (global) of the theoretical peak across the density values.

B Geometrical Definitions of Each Pattern

We define the geometry of the blocked, windowed, strided and global pattern. We do this by defining
a function, f, on the point-set, P, of a regularly-sparse mask. Since P is regularly-sparse, every row
in P is affine-compressible. The function f accordingly maps a row, x, in P to a 3-tuple consisting
of the affine-indices - a, b - and number of non-zero values - nnz - that compress all the points that
lie on x.

DEFINITION 6. Consider a regularly-sparse point-set, P. Let X = {y;|(x;,y;) € P} with X(i) =
{y;l(xj,y;) € P Ay; = i}. Wedefine f : X — Ny x Ng x N with the property that:

xj— f(i).b _x— f(i)b o
f(i).a ti= f(i).a A X ()| = f(i).nnz

Where (f(i).a, f(i).b, f(i).nnz) € Ny X Ny X N denotes the 3-tuple in the range of f.

Y(x;,y;) A (xj41,Y;) € P such that, y; € X(i),

We can then define each pattern by constructing its relevant f function. For each of the definitions,
N is the number of rows in the corresponding pattern (|X| in definition 6).

DEFINITION 7. Define the blocked pattern, with block-width w as:
Vi e [0,w], f(i) = (1,0, w)
Vie [w+1,N—1], f(i) = (1, (floor(i/w) — 1)w, 2w)
DEFINITION 8. Define the window pattern, with window-width w as:
Vie [0o,w+1], f(i) =(1,0,w+1+1i)
Vie[w+2,N—w-2],f(i) = (Li+w2w+1)
Vie [ N-w-1,N-1],f(i) =(L,i+w,w+ N — i)

DEFINITION 9. Define the strided pattern, with stride s as:

Vi € [0, N — 1] such that, i (mod s) = j, f(i) = (s, j, [(N = j)/s])

DEeFINITION 10. Define the global pattern, with number of global tokens g as:

Vi e [0,9], f(i) = (1,0,N)
Vie[g+1,N-1],f(i) = (1,0,9)

C Stretching in Polygonal Patterns

THEOREM 2. If we assume that the anchor of the thread block TB; is present in a polygonal mask,
i.e. Anc(TB;) € P, then |Cou(TB;)| would be maximum when its stretch factor Str(TB;) = 1.

Proor. The argument is pretty simple here.
If |Cou(TB;)| = mn for |Str(TB;)| = 1, then it is already at its maximum since |Cov(TB;)| <
|Comp(TB;)| = mn.
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If |Cou(TB;)| < mn for |Str(TB;)| = 1, then one of the right edge or the bottom edge is crossing
the polygonal mask boundary. WLOG, let us assume that the right edge is outside the polygonal
mask. If we were to increase the stretch of the thread block, we would only find more points not
belonging to the mask. Thus, the |Cov(TB;)| will never increase beyond |Str(TB;)| = 1. O

D Stretching in Strided Patterns

THEOREM 3. If we assume that the anchor of the thread block TB; is present in a strided mask, i.e.
Anc(TB;) € P and that the stride X is divisible by its stretch factor s = Str(TB;), i.e. X = ks, we can
precisely calculate:
= ol

X n+ Z (m - kx) + Z (n - kx)

Je=[ m=n1 ] k=1

—n+1
|Coo(TB;)| = {&

ProoF. Let’s assume that point p is present in both Comp(TB;) and P. Let (x,y) = Anc(TB;).
Since (x,y) € P, (x,y) = (aoks + to, Poks + to) for some ag, fy € Ny, ty € Zys
Since p € Comp(TB;), p = (x +is,y + js) for some i € Z,, j € Z,
Since p € P, p = (a1ks + t1, f1ks + t1) for some a3, f1 € Ny, t; € Zys
Therefore, x + is = a1xs + t; and y + js = fiks + 1.
X +is —oks =y + js — Piks
Qoks + by + is — ayks = Poks + to + js — ks
aoks + is — ajks = Poks + js — Pi1ks
aok + i — ark = Pok + j — Pik [Since s # 0]
kK(ag—a1—Po+p1)=j—i
Kk divides (j — i) [Since ag, a1, o, f1 € No]
We know that |Comp(TB;)| = mn
|Cou(TB;)| is the number of points present in both Comp(TB;) and P which is equivalent to number
of solutions of (i, j) € Z, X Z,, satisfying k divides (j — i).

Lreeruy

As shown in Fig 2, we can partition the thread block into three sections.

Green section contains threads with (j — i) € {-n,...,—1}.
Pink section contains threads with (j — i) € {0,...,m — n}.
Blue section contains threads with (j —i) € {m—n+1,...,m}.

2=

Number of solutions in green section = Z (n —kx)

k=1
m-n+1
Number of solutions in pink section = {— Xn
K
r==
Number of solutions in blue section = Z (m — k)
k=[ m—Kn+1 ]

Therefore,

[ r==1

X 1+ Z (m - kK) + Z (n — k)
k=1

k:[ menﬂ -|

—n+1
|Cou(TB;)| = {&
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Fig. 2. Partitioning the Thread Block based on j — i value

THEOREM 4. Stronger form: If we assume that the anchor of the thread block TB; is present in
a strided mask, i.e. Anc(TB;) € P with stretch factor s = Str(TB;), we can precisely calculate:
|Cou(TB;)| = f(x) where

[ r==1

m-n+1 X
f(K)—{— Xn+ Z (m—klc)+Z(n—k1<) and K_gcd(—s,X)
Je=[ 222 k=1

ProoF. Similar to previous proof, we can conclude (ay — a1 — fo + f1)d = (j — i)s.
= % €Z.
Let 7 = gcd(s, X), i.e. X = k7, s =z, ged(k, 1) = 1.
= @ Sy
= k divides (j — i)

The rest of the proof remains the same. O

THEOREM 5. Suppose we have a strided pattern with stride X. A° is the number of thread-blocks
generated by poset tiling with stretch factor s. Then we have that A° decreases as ged(s, X) increases.

Proor. By definition of strided pattern and poset tiling algorithm, we have no overlapping

thread blocks. Thus, we can effectively compute A° = fl(Pkl) . All terms in f(x) are monotonically

decreasing with k. A* monotonically increases with k = %. Thus, A* decreases as gcd(s, X)
ged(s,.X)
increases. o

For strided pattern, Cost(TBposes) = A°s. Since, A° decreases as ged(s, X) increases. Cost(TBpose:)
will achieve maximum value for some s € factors(X), thereby, reducing the search space of stretch
factor.

E Proof of Theorem 1

In Theorem 1, we make claims on the optimality bounds of the Poset Tiling Algorithm. We begin
by rigorizing the geometrical definitions for each of the windowed, blocked, strided and global
patterns in B. Following which, we prove the bound for the windowed and blocked patterns in E.1,
and the strided pattern in E.2.
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E.1 Structured Polygonal Patterns

THEOREM 6. Suppose we have a strided pattern with stride X. A° is the number of thread-blocks
generated by poset-tiling with stretch factor s. Then we have that A° only decreases when ged(s, X)
increases.

We prove this by computing A° as a monotonically decreasing function of ged(s, X).

DEFINITION 11. A mask P is considered a structured dense polygon if a significantly large horizontal
subsection of the mask consisting of rh rows (N — rh < N) can be partitioned as r repeating slabs of
shape h X I recursively shifted by I’ columns.

oo

While the mathematical definition looks restrictive, several transformers have sampling masks
that can be parameterized by this definition. For example, the block pattern had h = 1" = w,[ = 2w,
the window pattern had h =1’ = 1,1 = 2w + 1 and the global pattern had h = 1,1’ =0,/ = g.

teZ, y EZrh}

DEFINITION 12. Let us consider a Naive Tiling algorithm that partitions the mask P into patches
where a patch is a region of m consecutive rows. It then tiles these patches from left to right.
We define w'%) as the width of the k' patch. If a patch overlaps with t (> 1) slabs, its width is
I+(@-1l.

THEOREM 7. Given a structured dense polygon mask P with parameters (r,1,h,1") such that
ged(m,h) = x (i.e, m = tuk, h = k) and T, = aty + B, p € Z,,, the Naive Tiling Algorithm
will generate a TB of size Apgive-

Z Th{—l“"‘;l)l’}) B =0 (ie, him)
(B - 1){@ + (th—f+ 1){¥D B#0

Anaive =

s

PROOF. P (rh rows) can be partitioned into —~ horizontal cross-sections of P with lem(m, h) =
T ThK TOWS. "

Each horizontal cross-section will be covered by 73, patches (m rows) and 7, slabs (h rows).
Therefore, Anaive = (£)(X 7, [22).

If B = 0, ie. hlm, we have x = h, 7, = @, 7, = 1. The cross-section is covered by 1 patch
overlapping with z,, slabs with width (I + (7, — 1)h) [= (I + (¢ — 1)I")]. This proves the first case
of the equation.

If f # 0 and @ = 0 (i.e., m < h), we have 7, = . Every patch will overlap with either 1 slab or 2
slabs. Since there are 7, slabs, exactly (7, — 1) [= (f — 1)] patches will overlap with 2 slabs and
will have width (I +1’) [= (I + (e + 1)I’)]. Rest of the (7, — 7., + 1) [= (7, — f + 1)] patches will
overlap with 1 slab and will have width [ [= (I + al’)]. This proves the second case of the equation
for a = 0.

If f # 0and a # 0 (i.e., m > h), every patch will overlap with either (& + 1) slabs or (« + 2) slabs.
Since there are 7, patches, exactly (7, — 1) slabs will overlap with 2 patches.

Say x patches overlap with (& +2) slabs. We get (x)(a+2) + (7, —x) (@ + 1) = 7y + (1, — 1). Solving
for x givesus x = (t, —ary) — 1= - 1.

There are (f — 1) patches that will overlap with (& + 2) slabs and will have width (I + (@ + 1)I’).
Rest of the (7, — f + 1) patches will overlap with (« + 1) slab and will have width (I + al’). This
proves the second case of the equation for a # 0. O
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THEOREM 8. For a given structured dense polygon mask P with parameters (r,1, h,1"), Algorithm A

and Tiling Algorithm generate TBy and TB4i5.. We define A5 and Ar(lﬁgve as the number of thread

blocks with anchored in first k patches (km rows) for TB4 and TBpgiye- 5®) thread blocks in TB,4 are
anchored in the first k patches and aren’t contained within the first k patches, in other words, thread
blocks which overflow.

Foranyk > 1,1 — 50 > /1,(1]2.08 -k [%‘I

Proor. We will prove the theorem by induction.

k (k)
We know that A,(wz.ve =3k, [T

Base Case: We need to show that A() — §(1) > )Lr(lz)ive - [#]

The minimum value of A(V) — §() is [é] since the first row of the first patch needs to be covered
by TBA.

A _sw s L
T |n

JMW_V24}6mQM+MZWWD

n
_a0 {W(” - l}
naive n
Hypothesis: Assuming k > 1, such that A®) — §®) > (&) " sk | (%’-{)1.
Inductive Step: We need to show that A(+1) — §(k+1) > /15,]2;3) -y [%‘I.

The minimum value of A%+ — §(k+1) jg 3 (k) 4 f#’l since the first row of the (k + 1)** patch
needs to be covered by TBy. The only thread blocks that can cover this row are ones with the
anchor in the first row of (k +1)*" patch and the ones with the anchor in the k*" patch but overflow.

k
AUexD) _ s(lex) 5 (k) 1-¢ )n}
n
_ k) _sto |1
n
oo [w0 -1 . .
2 Angive = Z " } + h} (Using the Hypothesis)

i=1
ko G) _ (k+1) (k+1) _
w I w w I )
> e = W | ] (since T+ 12 P )
i=1

W<k+1>} ki {Wm - ﬂ

=20+

naive

n n

i=1

(1) k+1 W(i) _1
= Anaive - Z ’V n “

i=1
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THEOREM 9. For a given structured dense polygon mask P with parameters (r,1, h,1") such that
I' = h,1 > m, say the minimum number of thread blocks required to cover is Aop;.
A_/1 _ Anaive - Aopt < E
Aopt Aopt T
Proor. We know that A,p; > i,ll
From the previous theorem, we get that Z(N/m) [ W(i)_l] > Anaive = Aopt-
When h < m, we have Z(N/m)[wm 1< & (‘Hl)l

Analﬂe A‘U ’
Therefore, =3~ L3 (‘”ll)l ~ 0

When h > m, we have (z,, — 1) patches that overlap 2 slabs for every zj, patches. In other words,
for every 7, patches, there are (z,, — 1) patches such that w¥) — [ is I while the rest of patches

have w® — [ as 0.

(N/m) w“)—l _ N@m-DI' - Nzml' _ NI
Therefore, 3., )" [ 1=5 Mo < =

’

Anai A
Therefore, %‘w < lhl <7 o
opt

Finally, we get ’t’{:{’)’t’e < 1+ 7. We note that the Naive Tiling Algorithm is essentially the Poset
Tiling Algorithm applied to each patch. Thus, we can argue that Ayoser < Anaive-

-poset

This gives us /1,1_1, < 1+ 7. As explained in §C, the optimal stretch factor for polygonal patterns

is 1, so we get dcmr = 1.
Cost(TBposer)

Thus, we prove that Cost(TBops)

£1+%.

E.2 Strided Patterns

By definition of strided pattern and poset tiling algorithm, we have no redundant compute (¢r)
and minimum thread-divergence (¢7p). Thus, for a given stretch s, Aop: = Aposes. The stretch factor
selection algorithm searches the space of the stretch factors and selects the stretch factor that
minimizes our cost model. Thus, trivially, Cost(TB,,;) = Cost(TBposet ).

Finally, theorem 1 directly follows from the results of Sections E.1 & E.2.

THEOREM 1. Given point-set P and an arrangement of thread-blocks TBposer = {TB1, TB,, ..., TBAPOSE, 1
each of size m X n, generated by algorithm 1 to cover P. Let TB,p; = {TB,,TB,, ..., TB/LW} be the
arrangement of lowest possible cost to cover P. For the definitions of the windowed, blocked & strided
patterns in B, we have for the windowed and blocked pattern that:

Cost(TBposet) - m
COSt(TBopt) l

Where | is the maximum number of points in a row of the mask. Moreover, for the strided pattern,

the cost of the arrangement is optimal.

1)
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